Abstract. We propose and analyze discretization methods for solving finite systems of nonlinearly coupled Schrödinger equations, which arise as an asymptotic limit of the three-dimensional Gross-Pitaevskii equation with strongly anisotropic potential. A pseudo-spectral method with Hermite basis functions combined with a Crank-Nicolson type method is introduced. Numerical experiments are presented, including a comparison with an alternative discretization approach.
Introduction
The first experimental realization of a Bose-Einstein condensate (BEC), achieved in 1995 for atomic gases [1] , stimulated numerous experimental and theoretical studies in the succeeding years. Crucial ingredients in producing a BEC are laser cooling and trapping of atoms. A wide experimental interest is dedicated to BEC in highly anisotropic configurations. In this context it can be observed that by changing the shape of the trapping potential, it is possible to produce cigar-or disk-shaped BEC [13] .
Below the critical condensation temperature the evolution of BEC is well described by the Gross-Pitaevskii equation (GPE), which is a nonlinear Schrödinger equation with harmonic potential modeling the magnetic trap and a cubic nonlinearity describing two particle bosonic interaction [2, 10, 14, 16] . The solution ψ = ψ(t,x,z) is the macroscopic wave function of the condensate, defined for x ∈ R e , z ∈ R d , e + d = 3, and t > 0. where m is the atomic mass, is the Planck constant, N a is the number of atoms in the condensate, and ω x ,ω z are the trap frequencies in the x-and z-directions, respectively. The parameter g describes the interaction between the atoms in the condensate and has the form g = 2 a/m, where a is the scattering length, positive for repulsive interactions and negative for attractive interactions. Characteristic lengths of the condensate in the x-and z-directions are a x = /(mω x ) and a z = /(mω z ), respectively.
We introduce the scaling We assume a highly anisotropic confinement, i.e. ε 1, and weak coupling, i.e. γ = O(1). The initial value problem for the scaled version of (1.1) then becomes
Here
2 are the Hamiltonians of the harmonic oscillators in x-and z-directions, respectively. We consider the normalization condition
For studying the asymptotic behavior as ε → 0, we introduce the expansion of the solution ψ(t,x,z) with respect to the eigenstates r k (z) of H:
where µ k denote the corresponding eigenvalues, i.e.
We expect that the modulation wave functions φ k have strong limits as ε → 0. Actually, for initial data belonging to the subband of the ground state energy level µ 0 of the dominating harmonic oscillator H, it can be proven that in the limit ε → 0 the mass remains concentrated in this subband. The modulation wave function satisfies a (lower dimensional) GP-equation [7] . For general initial data, the formal asymptotic limit has been carried out in [3] by the averaging method and later it was rigorously justified in a functional framework in [6] . The limiting equations for the modulation wave functions are given by
This work is concerned with numerical methods for this system. As a first step, we truncate at a finite index K and consider only a finite number of equations:
This finite system has been analyzed in [3] , where we introduced a numerical discretization method based on a multistep time splitting spectral scheme and designed the numerical method for K = 0,...,3. Here we are interested in systems with an arbitrary number of equations K, and, since the method presented in [3] is not easy to generalize to bigger K, we develop a different discretization based on a Hermite pseudo-spectral method combined with a Crank-Nicolson type method. The paper is organized as follows. In the following section, properties of the finite system are discussed. Then we specialize to the case e = 1, i.e., a cigar-shaped condensate. A splitting scheme is presented, with a Hermite pseudo-spectral method for the one-dimensional harmonic oscillator, combined with a Crack-Nicolson type discretization for the ODE system corresponding to the nonlinear coupling. At the end of the section the accuracy and stability of the new method are discussed. In section 3, numerical results are reported and compared to those obtained by the methods in [3] .
Note that the total energy of the original problem (1.2) can be approximated by E
In the limit ε → 0 we observe that both terms are conserved individually.
We easily see that
since the sequence of eigenvalues {µ k } k≥0 is monotonically increasing and tends to infinity. This motivates the truncation of the system at a finite index. For notational convenience, the numerical approach will be presented for the onedimensional problem. We propose a time-splitting method, where the following two subproblems are solved for 0 ≤ k ≤ K:
Note that the splitting is different from the one used in [3] , where the confinement potential was a part of the second step. We denote the eigenstates and eigenvalues of H ⊥ by:
with n ≥ 0 and h n (x) being the scaled Hermite polynomials [11] :
For the spatial discretization we take as grid points the scaled Hermite-Gauß points. For quadrature of order N they are given by the zeroes x ι with ι = 0,...,N of H N +1 (x) [11] , which lie symmetrically about x = 0. Let the time step be h > 0 and 
For the computation of the Fourier coefficients, we introduce the scaled Hermite-Gauß weights (see [5, 12] )
Then the Fourier coefficients are computed by Gauß-Hermite quadrature [12] :
Now the solution after the first half-step (2.1) is given by
Before the discretization of the nonlinear part is introduced, we rewrite (2.2) in vector notation:
The choice of the matrix A(Φ) is not unique. For arbitrary p ∈ R and with the definition
the right hand sides of (2.3) and of (2.2) are the same. The observation that the coefficients α klmn and γ klmn are symmetric with respect to (k,l) ↔ (m,n) shows that A(Φ) is Hermitian.
As a motivation for the discretization of (2.3), we first consider the nonlinear part of the original equation (1.2):
Note that the absolute value of ψ is conserved in time by this equation. This implies
Using the rational approximation e iz ≈ 1+iz/2 1−iz/2 , which is of third order in z and shares with e iz the property | 1+iz/2 1−iz/2 | = 1, the solution of (2.4) can be approximated by 5) which corresponds to the trapezoidal scheme
This is a second order discretization of (2.4) since the density |ψ| 2 is constant in time for solutions of (2.4). A second order method for (2.2) can be obtained by a two-step procedure, with Summarizing, one step of the Strang splitting method written in vector notation is given by:
• Solving (2.1) on a half time step:
9)
• Secondly, solving (2.2) on a whole time step:
11)
• And finally, solving again (2.1) on a half time step: hand from the splitting, which is globally of second order in h since we do a Strang splitting. On the other hand, the discretization scheme (2.7) for the nonlinearity is easily shown to be also of second order.
In Fig. 2.1 , we plotted the absolute error Φ − Φ h , where we computed the solutions by Strang splitting and by simple splitting. The "exact" Φ is obtained by solving the problem with the time step 10 −4 and Φ h by solving it with time step h given in the abscissa. . denotes the norm sup t g(t,.) L 2 (R) . We observe in Fig.  2 .1 that the simple splitting leads to a first order time discretization error, since the curve has a linear growth for time steps smaller than 0.15. The Strang splitting, on the other hand, leads to a second order time discretization error, since the curve has a super-linear growth.
The introduced method is of spectral accuracy in space. Moreover, it conserves mass. Lemma 2.
The Hermite pseudo-spectral method combined with the Crank-Nicolson type method HPSCN (2.9-2.11) is unconditionally stable, since mass is conserved:
Proof. We first show the conservation of (2.9), thus φ
For the second step (2.11) we want to show 0≤k<K φ
If we use the fact that A is Hermitian we can easily show that
All in all, we have conservation of the total mass:
Numerical experiments
In this section we present some numerical results obtained by the method (HP-SCN) introduced in the forgoing section.
Example 1.
In the first example we analyze the approximation error depending on ε and K, when we approximate the solution ψ of the original problem (1.2) by the solution (φ k ) 0≤k<K of the reduced problem (1.3). ψ is solved by the time-splitting spectral method (TSSP) [3, 4] with the parameter values used in [3] . (φ k ) 0≤k<K is solved by the Hermite pseudo-spectral method combined with the Crank-Nicolson type method (HPSCN) for the nonlinearity. Since we want to compute the approximation error, we have to evaluate both solutions at the same grid points. This implies that for these experiments we have to use uniform grid points in the space discretization of HPSCN. We choose the interval [−a,a] (a ≥ 0) such that it contains the support of all Hermite polynomials (H k ) k<N +1 . Moreover for N x a positive integer we choose the spatial mesh size h x = 2a/N x and let the grid points be:
However, for the evaluation of the Fourier coefficients a j k,n we use the trapezoidal quadrature. The discretization error in space is then of second order. In our computation the parameters have the following values: a = 16, N = 64.
Denote the approximation error by σ ε K (t):
where ψ is the solution of (1.2) with initial data ψ I (x,z) = 0≤k<K φ In Table 3 .2 we compare the running times for the two methods during the computation of Example 1. The parameters used are those of Table 3.1.
In Fig. 3 .1 we see the approximation error for decreasing ε and increasing K. Here, we computed additionally to [3] the approximation error for K = 4 and K = 5. However, we can draw the same conclusions as in [3] .
Remark 3.1. During the numerical experiments it turned out that the parameter p has little impact on the results. Therefore, we make the choice p = 2. This value is moreover the appropriate one for comparisons with the numerical method presented in [3] .
In the following experiments the grid points are the roots of the Hermite polynomial H N +1 (x). We choose N = 46, which means that we have 47 grid points on the x-axis. The parameter p of the discretization is chosen equal to 2. All results obtained by HPSCN are finally compared to the corresponding quantities computed by the multistep time-splitting scheme presented in [3] , which we call MSTSS. In order to achieve similar quality of the data we use for MSTSS 257 uniform grid points on the interval [−16,16] . Moreover, we choose the time step h = 0.001. The initial data are chosen as the first K eigenstates of the operator −
2 , whereby the sum of their masses is normalized to one. The value of γ I will be specified individually in every example.
Example 2. In this example we compare the condensate widths as functions of time computed by the two different numerical methods. Let (τ k ) 0≤k<K be the condensate width of the corresponding wave function φ k :
Here we solve the system for K = 3, thus 0 ≤ k < 3. Moreover, γ I = 10.
Example 3. Here we compute the mass for every component of the solution, namely φ k
For the initial data γ I = 1. We know that the total mass of the system is conserved. This experiment indicates that there is mass exchange between the different states (φ k ) 0≤k<3 . (See Figure 3.3) . The examples (1) (2) (3) (4) show that both methods give similar results. However, comparison of the running time in Table 3 .2 highlights the fact that HPSCN is faster than MSTSS. Another advantage of the new method HPSCN is the fact that we can implement it for a greater number of equations K, which is rather cumbersome for the MSTSS method. The analysis of Figure 3 .5 allows us to assert that the number of peaks increases with K. This is an expected behavior since initially the k-th excited state has k + 1 peaks (the ground state has one peak, the first excited state has two peaks etc). In addition, the greater the confining potential, the steeper are the peaks. Last but not least, we observe periodic behavior of the solutions, which is not surprizing in view of Duhamel's formula for nonlinear Schrödinger equations [8, 9] . Not so evident is the fact that the period length is the same for all states.
Conclusion
We developed an unconditionally stable, second order accurate in time and spectrally accurate in space method for solving finite systems of Gross-Pitaevskii equations. The method is based on a Hermite pseudo-spectral method combined with a Crank-Nicolson type method, which we called HPSCN. We compared the new method to an existing one (MSTSS) presented in [3] and observed similar results. The advantage of the new method is the easy generalization to a larger number of equations in a.) the system. Moreover HPSCN needs fewer grid points than MSTSS for similar quality of data. However, we have to keep in mind that HPSCN is based on the spectral decomposition of the harmonic oscillator; therefore the method works only in the case that we have an harmonic external potential. For another external potential one has to use MSTSS. 
